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0. Abstract. In this paper we study the semi-stable reduction of Galois covers of degree 
p above semi-stable curves over a complete discrete valuation ring of inequal chracteristics 
{0,p). We are also able to describe the Galois action on these covers in terms of some 
geometric and combinatorial datas in characteristic p endowed with the action of the 
Galois group of the residue field. 

0. Introduction. In this paper we study the semi-stable reduction of Galois covers 
of degree p above semi-stable curves over a complete discrete valuation ring of inequal 
chracteristics (0,p), as well as the Galois action on these datas. 

More precisely, let R he a, complete discrete valuation ring of inequal chracteristics 
(0,p), with fraction field K, and residue field k. In the first part of the paper we consider 
the following local situation. Let f : y ^ X he a Galois cover of degree p between formal 
germs of i?-curves at the closed points y and x respectively, with y normal, and X semi- 
stable i.e. X is the formal germ of an i?-curve at a closed point x which is either a smooth 
point or an ordinary double point. It follows from the theorem of semi-stable reduction 
for curves that the germ y admits potentially a semi-stable reduction i.e. there exists, 
after eventually a finite extension of i?, a semi-stable model y y which is "essencially" 
unique. In particular, the Galois group of the cover / acts on y and the quotient X of y 
by this action is a semi-stable blow-up of X. We have a canonical morphism f : y X 
which is Galois of degree p. To the above cover f : y ^ X we associate canonically some 
degeneration datas which determine completely the special fibre yk := y x u k of y . These 
degeneration datas consist of the (canonically marked) tree associated to the special fibre 
Xk := X X k of X , plus some geometric datas which consists of a torsor fi : Vi Ui 
under a finite and fiat group scheme of rank p above each irreducible marked component 
Ui of Xk such that the "conductors" of these torsors at the marked points satisfy certain 
"compatibility" conditions (these are what we called in [Sa] Kummerian mixed torsors) (cf. 
1.2, 1.3 for a more precise definition). For an illustration of this situation we refeer to the 
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example 1.2.1. Let's denote by Deg^ the set of isomorphism classes of such degeneration 
datas which are defined over an algebraic closure k oi k (cf. 1.2.2, 1.3.1 for a precise 
definition). We show that the set Deg^ is a G^-set, where is the Galois group of the 
separable closure of k contained in k (cf. 1.2.3). Let K be an algebraic closure of K, and let 
SpecL be the geometric generic point of X. The etale cohomology group if4(SpecL, /Xp) 
classifies (pointed) -geometric Galois covers of X of degree p. Moreover our result which 
exhibit the above degeneration datas can be translated as the existence of a canonical 
specialisation map Sp : if4(SpecL, ^Up) Deg^. Note that both ifg^(SpecL, //p) and 
Degp are G^-sets, where Gk is the Galois group of K over K, and Gk acts on Degp via 
its canonical quotient Gk- Our main result in this part of the paper is the following: 

Theorem (1.2.7, 1.3.2). The above specialisation map Sp : H^^(SpecL,ij,p) ^ Degp 
is surjective and Gx-equivariant. 

In other words the association of degeneration datas to a cover f : y ^ X as above 
is compatible with the action of the Galois group on covers and on degeneration datas, 
Moreover one has a realisation result for such degeneration datas (cf. example 1.2.5 which 
illustrates the realistaion of degeneration datas). The proof of the above result relies 
heavily on the results in [Sa] and [Sa-1]. We also use formal patching techniques a la 
Harbater. As an application of the above result we construct in 2.1.8 an example of a 
covers f : y ^ X a,s above where X is smooth at the closed point x, and where the special 
fibre yk := y X jik of y is singular and unibranche at the closed point y, and such that the 
configuration of the special fibre of the semi-stable model 3^ of 3^ is not a tree-like. This 
indeed answers a question raised by Lorenzini whether such a situation can occur in the 
inequal characteristic case. 

In the second part of the paper we study the global situation of a Galois cover / : 
Y X of degree p above a proper and semi-stable i?-curve X with Y normal. As above, 
and using the theorem of semi-stable reduction for curves (cf. [De-Mu]), one obtains 
after eventually a finite extension of i? a semi-stable model Y ^ Y of Y and a Galois 
cover f : Y ^ X of degree p, where X is a semi-stable blow-up of X. We associate 
then canonically to the cover f : Y ^ X some "degeneration datas" which determine 
completely the special fibre Yfe '■— Y Xr k of the semi-stable model Y of Y (cf. 2.2). This 
consists of the graph associated to the semi-stable A;-curve Xk, and a given "mixed torsor" 
above Xk, plus given local degeneration datas at the critical points of this mixed torsor 
(cf. 2.2.1 for a more precise definition). For an illustration of this we refeer to the example 
2.2.3. Let's denote by Degp(X/,) the set of isomorphism classes of such degeneration datas 
which are defined over k. We show that this set is a G^-set in a canonical way. Let fj 
be the geometric generic point of X. The etale cohomology group H^^{f],iJ,p) classifies 
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(pointed)-geometric Galois covers of X of degree p. Moreover our result which exhibit the 
above degeneration datas can be translated as the existence of a canonical specialisation 
map Sp : Hl^.{r], fip) — >■ T)egp{Xk). Note that both Hl^{f], fXp) and T>egp{Xk) are G^-sets, 
where Gk is the Galois group of K over K, and Gk acts on Deg^ via its canonical quotient 
Gk- Our main result in the second part of the paper is the following: 

Theorem (2.3.2). The above specialisation map Sp : Hl^.{rj,fip) Degp{Xk) is Gk- 
equivariant. 

The above specialisation map Sp can not be surjective in this global case. However 
we prove the following result of realisation of degeneration datas: 

Theorem (2.3.1). Let Xk be a proper and semi-stable k-curve. Let R be a complete 
discrete valuation ring of inequal characteristics with residue held k, and fractions held 
K. Suppose given a k-degeneration data deg{Xk) of rank p associated to X^ (in other 
words suppose given an element of Degp(Xfc) ). Then there exists, after eventually a Gnite 
extension of R, a proper and semi-stable R-curve X with smooth generic hbre and a 
special hbre Xk '■= X x^k isomorphic to Xf., and a Galois cover f : Y ^ X, such that 
the degeneration data associated to f is isomorphic to the given data deg{Xk). 

We refeer to the example 2.3.4 which illustrate the realisation of global degeneration 
datas. Finally, I believe the ideas presented in this paper provide the framework to con- 
struct Hurwitz spaces over Z whose fibre in characteristic zero classifies Galois covers of 
degree p plus extra datas. Also in the case of Galois covers of degree p of the projective line 
over a p-adic field these results should lead to an algorithm which compute the semi-stable 
reduction of these covers at least in the case where the 

number of branched points is smaller than p. 

I. Semi-stable reduction of Galois covers of degree p above formal 
germs of curves with Galois action. 

1.0. In what follows we use the following notations: i? is a complete discrete valuation 
ring of inequal characteristics, with residue characteristic p > 0, and which contains a 
primitive p-th root of unity C- We denote by K the fraction field of i2, tt a uniformising 
parameter, and k the residue field of R. Let K be a fixed algebraic closure of K, and let 
Gk be the Galois group of K of K. Let R be the integral closure of i? in K which is a 
valuation ring, and let k be the residue field of R which is an algebraic closure of k. Let 
Gk be the Galois group of a separable closure of k contained in k. We have the following 
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canonical exact sequence, where Ik denotes the inertia subgroup: 



In this section we will consider a formal germ A" of a semi-stable i?-curve at a closed 
point, a Galois cover f : y ^ X with group G = Z/pZ, and we will study the semi-stable 
reduction of y, as well as the action of Gk on these datas. 

1.1. Let X := Spec Ox,x be the formal germ of an i?-curve X at a closed point x, and let 
f : y ^ X he a, Galois cover with group G ~ Z/pZ, such that y is normal and local. It 
follows then easily from the theorem of semi-stable reduction for curves (cf. [De-Mu], as 
well as the compactification process in [Sa-1] 2.3), that after eventually a finite extension 
R' of R with residue field k', and fractions field K', the formal germ y has a semi-stable 
reduction. More precisely there exists a birational and proper morphism f : y ^ y' , where 
y is the normalisation oi y Xji R', such that yK' — y'K'i the following conditions 
hold: 

(i) The special fibre yk' := y y<specR' Spec/c' of y is reduced. 

(ii) y^ has only ordinary double points as singularities. 

Moreover there exists such a semi-stable model f y ^ y' which is minimal for 
the above properties. In particular the action of G on y' extends to an action on y. Let 
X be the quotient of y by G, which is a semi-stable model of X. One has the following 
commutative diagram: 

y — ^ y 

f 

X -^-^ X' 

With the same notations as above, one can moreover choose the semi-stable models 
y and X such that the set of points Bk' '■— {xi^K'}i<i<r, consisting of the branch locus 
in the morphism y'j^, '^'k'i which we may assume to be rational, specialise in smooth 
(resp. smooth distincts) points of X^^, . We may also, after eventually a finite extension 
of K, suppose that the double points of X^ are rational. Moreover one can choose such X 
and y which are minimal for these properties. We will denote by /"^^^ : j^'^^P — > y' (resp. 
jsp . -ysp _^ yi^ ^Yie minimal semi-stable model of / such that the points of Bk specialise 
in smooth (resp. smooth distincts) points of ;?"'p := y^'^/G (resp. of X^"^ := y'^/G). 
We call y^^"^ (resp. the minimal non split (resp. split) semi-stable model of y. We 
have the following commutative diagrams: 
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~ f nsp 

ynsp _J_ ^ yf 



^nsp _9 ^ ^/ 

and 



y 


sp 


J-sp 

y 


sp 




f 








SSP 






^ A" 



Moreover the morphism /®p : 5^^^ — ^ 3^' factors throught /"^p as follows: y^ 
j;nsp _^ yi^ Qj^^^ ^Yie later commutative diagram factors through the first one. In the 
case where X is the formal germ of a semi-stable i?-curve at a closed point x, the fibre 
^~nsp^-i^^^ (resp. {g^'^)~^{x)) of the closed point x in ^'^^p (resp. in X^^) is a tree F'^'^p 
(resp. r*^P) of projective lines. This tree is canonically endowed with some "degeneration 
datas" that we will exhibit below, and which follow mainly from the results in [Sa] and 
[Sa-1]. 

1.2. We will use the same notations as in 1.1. We first consider the case where X ~ 
Spf A is the formal germ of a semi-stable i?-curve at a smooth point x. Let R' be a 
finite extension of i? as in 1.1, and let n' be a uniformiser of R'. We assume that X is 
geometrically connected, in which case y is also geometrically connected. Below we exhibit 
the degeneration datas associated to the non split (resp. split) semi-stable reduction of 
y, and which are consequences of the results in [Sa] and [Sa-1]. 

Deg.l. Let p := (tt') be the ideal of A' := A 0^ R' generated by tt', and let A'^ be the 
completion of the localisation of A' at p. Let X^ :— Spf A'^ be the boundary of X', and 
let X^j X' be the canonical morphism. Consider the following cartesian diagram: 

y^ A'^ 
Y' — ^ X' 

Then frj-yrj^ X^ is a torsor under a commutative finite and flat i?'-group scheme 
Gn' of rank p. Let 5 be the degree of the different associated to the torsor One has the 
degeneration type {Gk',m,h) of the torsor (cf. [Sa] 3.2) which is canonically associated 
to /. The geometric genus gy of the point y equals {r — m — l){p — l)/2 (cf. [Sa-1] 3.1.1), 
where r is the cardinality of Bk'- 



5 



Deg.2. The fibre (^^^p)-^^:) (resp. (^^p)-^^:)) of the closed point x of X' in ;?^^p 
(resp. in ^®p) is a tree F'^^p (resp. F^p) of projective hnes, F'^^p is a sub-tree of F®p. 
Let Vert(F^^P) := {Xi}i^i^sp (resp. Vert(r"P) := {Xji^/^p) be the set of irreducible 
components of (^"^P)~^(a;) (resp. of (^®P)~^(a;)), which are also the vertices of the tree 
pnsp (^j^ggp psp^ Tlve tree F®p (hence also F'^^p) is canonically endowed with an origin 
vertex X^,,, which is the unique irreducible component of {g^^)~^{x) which meets the point 
X. We fix an orientation of the tree F'^p starting from in the direction of the ends. 
Such an orientation induces of course an orientation of the subtree F^'^p. 

Deg.3. For each i e /^^p (resp. PP), let {xi^j}j^Si be the set of points of Xi in which 
specialise some points of Bk' {Si may be empty), say in each point Xij specialise points 
of Bk- If ^ e PP, and Si is non empty, we have rij = 1. Also let {zij}j£Di be the set of 
points of the irreducible component Xi where Xi meets the rest of the components of Xj^!'^ 
(resp. of X^f)- These are the double points of A'^f^ (resp. X^f) supported by Xi. We 
denote by S);|fP (resp. S^?) the set of all points Uie/nsp{xij}jg5. (resp. Ui(zisp{xij}j(zsJ, 
which is the set of specialisation of the branch locus Bk', and by -D^f^ (resp. -D^) the set 
of double points of A'^fP (resp. X^f). In particular Xi^^^ := a; is a double point of X^^^ 
(resp. of X^f). 

Deg.4. Let W^^P := A'^^P - {S°fP U 0^^^} (resp. := X^p - {S^? U D^,^}). The 

cover / induces a mixed torsor /°®p : V U^^^ above (resp. /®p : V' above 
W^P), whose special fibre /^f^ : Vk' W^f^ (resp. : V^, U^f) is an element of 
Hfppf{U^f^)p (resp. an element of H}^^^{U'l^)p) (cf. [Sa] 1.6 for the definition of H}^^^{ )p). 
In particular the restriction of /"^p (resp. /®p) to each connected component Ui of W"®p 
(resp. W^P) is a torsor fi : Vi ^ Ui under a commutative finite and flat J?'-group scheme 
Gw^i of rank p, and /j fc/ : Vi_k' Ui^k' '■= Ui x j^/ k' is a torsor under the fc'-group scheme 
Gk',i '■= GR'^i Xjii k' . Moreover if Gk',i is radicial, and if Ui is the associated differential 
form, then the set of zeros and poles of Wi is necessarily contained in {xij}j^Si^{zi,j}jeDi, 
as Vi^k' is smooth (cf. [Sa], I). 

Deg.5. Each smooth point Xij e B^f^ (resp. e S^?) is endowed via / with degeneration 
datas on the boundary of the formal fibre at x^^j, cis in Deg.l above, and which satisfy 
certain compatibility conditions. More precisely for each smooth point Xij we have the 
reduction type {Gk',ij m-ij, hij) on the boundary of the formal fibre at this point, induced 
by fii^^P (resp. (7^P), and such that r^j = rriij + 1, as a consequence of [Sa-1] 3.1.1. Also 
if Xij G -B^? (in other words if z G /^p, and Si is non empty), then necessarily Gk',i = fJ'p, 
rriij = — 1 and hij — (cf. [Sa-1, 3.1.2). 

Deg.6. Each double point Zij = Zi'j> G Xi fl Xj/ of X^^p (resp. X^p) is endowed with 
degeneration datas (Gi,fe', "^-ij, ^ij) and {Gi'^k','m'i',j',hi'j'), induced by ^r^^P (resp. ^®p). 
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on the two boundaries of the formal fibre at this point as in Deg.l, such that rriij +mi/j' = 
0, and hij + hi'j' = 0, as a consequence of [Sa-1] 3.2.3. In particular rrii^jQ + m = 0, and 
^io,jo + h — 0. In other words the above induced by / element of Hj^^^{lA^f^)p (resp. of 
Hfpp{{K')p) is indeed an element of Hl^^^iU^f'')^^'^ (resp. an element of i^f^pf (W^f )^"'") 
(cf. [Sa] 1.7 for the definition of i^f^pf ( )^^"). 

Deg.7. For each double point Zij = Zi'j' e Xi fl Xj/ of X"^^? (resp. X®p), let e^j be 
the thikeness of Zij. Then — ptij is necessarily divisible by p. For each irreducible 
component X^, i e I"*^ (resp. i e /*^), let rji be the generic point of X^. Let 5i be 
the degree of different above r]i in the cover g^^^ (resp. g^"^). Then we have 5i — 5i' = 
tijmij{p — 1) as follows from [Sa-1] 3.2.5. In particular S — Si^ = ti^^j^m{p — 1), and 
= YlijeDii^j + ^i,j''^i,j{P ~ 1))' where \Di\ denotes the cardinality of Di. 

Deg.8. The contribution to the arithmetic genus Qy of the point y was computed in [Sa-1] 
3.1.1, in terms of the degeneration data {Gk' ■,'m,h) on the boundary of the formal fibre 
at X, and the cardinality r of B^- It follows also from the above considerations and after 
easy calculation that: gy = Eie4,(-2 + Ejes,("^i,i + 1) + EieD,(wi,i + - l)/2, 
where I^t denote the subset of I^^^, or P^, which among to the same, consisting of those 
i for which Gfc'.i is etale. 

1.2.1. Example. In the following we give an example where one can exhibit the 
degeneration datas associated to a Galois cover f -.y ^ X of degree p where X ~ Spf -R[[T]] 
is the formal germ of a smooth point. More precisely, for m > an integer prime to p 
consider the cover given generically by the equation X^ = 1 + \p(T~'^ + ttT""^"'"^) (this 
is the example 1 in [Sa-1], 3.2.4, with m' = m + 1). Hier r = m 2 and this cover has a 
reduction of type (Z/pZ, m, 0) on the boundary. In particular the geometric genus gy of 
the closed point y oiy equals {p — l)/2. The non split degeneration data associated to the 
above cover consists necessarily of a treee with only one vertex and no edges, i.e. a unique 
projective line X\ with a marked A;-point x\, and an etale torsor /i : Vi — > Ui := Xi — {xi} 
above Ui with conductor 2 at the point x\. 



semi-stable models 




The above considerations leads naturally to the following abstract geometric and com- 
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binatorial definition of degeneration datas. 

1.2.2. Definition. Let k' be an algebraic extension of k. A /c'-simple non split 
(resp. split) degeneration data Deg(x) of type (r, {Gk',m, h)) and rank p consists of 
the following datas: 

Deg.l. Gfe/ is a commutative finite and fiat /c'-group scheme of rank r > is an integer, 
m is an integer prime to p such that r — m — 1 > 0, and h &¥p equals unless Gk' = jJ-p 
and m = 0. 

Deg.2. r := Xfe/ is an oriented tree of projective lines with vertices Vert(r) := {Xi}i^i 
(resp. Vert(r) := {Xj}jg/sp), endowed with an origin vertex X^q, and a marked smooth 
point X := Xi^j^ on Xj^ which is a A;'-rational point. We denote by {zij}j£Di the set of 
double points, or (non oriented) edges, of T which are supported by Xj, and which we 
assume to be A;'-rational points. 

Deg.3. For each vertex Xi of F is given a set, may be empty, of smooth marked A;'-rational 
points {xij}j(.Si- 

We will summarise the datas Deg.2 and Deg.3 by saying that we are given a /c'-rational 
marked tree of projective lines, or a marked semi-stable /c'-curve with arithmetic genus 
0. 

Deg.4. For each i e I (resp. i e /®^), is given a torsor fi^k' '■ — := ^i,fc' — 
{{xij}j£Si ^{^i,j}jeDi} under a commutative finite and fiat A;'-group scheme of rank 
p, where Xi^k' '■= Xi Xspecfc Spec A;', with Vi,ki smooth. Let Uk' be the open subscheme 
of X^i obtained by deleting the double and marked points of X^'. Then the above data 
determines an element of H^^^^{Uk')p (cf. [Sa], I). Moreover if Gk',i is radicial, and if 
LUi is the associated differential form, then the set of zeros and poles of Wi is necessarily 
contained in {xij}j(zs^ U{zij}j^Di, as Vi^k' is smooth. Also if i e P^, and Si is non empty, 
we assume that Gi^k' — jJ^p- 

Deg.5. For each z e / (resp. i e PP), are given for each j e Si the integres (mj^j, /ii,j), 
where rrii^j is the conductor of the torsor fi at the point Xi^, and hi^j its residue at this 
point. Let Vi^j := rriij + 1. If i G then we assume that Vij = 1. Also for the marked 
point XjQ^jQ is given the data (TOio,jo5 ^io,io)i such that mi^^j^ + m = 0, and hi^^j^ + /i = 0. 

Deg.6. For each double point Zij = Zi'j' e Xj fl Xi' is given the pair {rriij, hij) (resp. 
{rrii'j'jhi'j')), where rriij (resp. rrii'^') is the conductor of the torsor fi^k' (resp. /i',fc') at 
the point Zij (resp. Zi'j'), and hij (resp. hi'j') its residue at this point. These datas must 
satisfy rriij + rrii'j' = 0, and hij + hi'j' = 0. In other words the element of Hl^^^{Uki)p 
determined by the data Deg.4 must belong to the subgroup H} AUk)^^^ (cf. [Sa]. I). 
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Deg.7. For each irreducible component Xi of F is given an integer 5i < vk{p) which 
is divisible by p — 1. For each double point zi^j = e fl Xj/ of F is given an 

integer = ptij divisible by p, such that with the same notations as above we have 
Si - 5i' = mijtij{p - 1). 

Deg.8. Let let denote the subset of / (resp. of I^^) consisting of those i for which Gk',i 
is etale. Then the following equality should hold: {r — m — l){p — l)/2 = 2 + 

Ejes.l^iJ + 1) + EjeD,(™i,i + - l)/2. The integer := {r - m - l){p - l)/2 is 
called the genus of the degeneration data Deg(x). 

There is a natural notion of isomorphism of simple split (resp. non split) degeneration 
datas of a given type over a given algebraic extension of k. We will denote by SS-Degp 
(resp. SNS-Degp) the set of isomorphism classes of A;-simple split (resp. A;'-simple non 
split) degeneration data of rank p. 

1.2.3. Galois action on degeneration datas. 

The Galois group Gk of the separable closure of k contained in k acts in a canonical 
way on the set SS-Deg^ (resp. SNS-Deg^,) of isomorphism classes of fc-simple split (resp. 
non split) degeneration datas of rank p, in a way that is compatible with the group law on 
Gk- In other words SS-Deg^ and SNS-Deg^ are G^-scts. More precisely, to a fc-simple split 
(resp. non split) degeneration data Deg(x) of type (r, (G-^, m,h)), and an element a e Gk, 
we associate the simple degeneration data Deg(x)'^ of the same type {r,G-j^,m,h)). We 
explain briefly the deflning datas for Deg(a;)'^: 

Deg'^.l. The datas Deg^'.l are the same as in Deg.l. 

Deg'^.2. and Deg°".3. The /c-rational marked tree F'^ is the marked tree F. 

Deg°^.4. For each i G / (resp. i G /®p), is given the torsor /f : ^ Ui := Xj — 
{{^ijlieSi ^ {^i,j}jeDi} under the commutative finite and fiat /c-group scheme G^^ of 
rank where Xi := Xi k, and fi is the image of the torsor fi above Ui given by the 
data Deg.4, via the action of a on torsors (cf. [Sa], I). In other words the element {fi)t of 
-^fppf(^fc)p determined by the datas Deg'^.4 is the transform {ft)t^ of the element {ft)t of 
H^ppf{U-^)p determined by the datas Deg.4, under the canonical action of a on Hl^^^{U-j^)p 
(cf. [Sa], I). 

Deg'^.5. For each i e / (resp. i G Z^^), are given for each j G Si the integers (w^^-, hl^), 
where m^^ is the conductor of the torsor at the point x^^^ of 5'f , and h^ j its residue at 
this point. We have mlj = rriij and h'^j = hij. 

Deg'^.G. For each double point zfj = zf, y G fl X^i is given the pair (m^^-, /j.^^) (resp. 
(mf, J,, /if, J,)), where m^^- (resp. mf, j,) is the conductor of the torsor (resp. f^,) at the 
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point zf j (resp. zf, j,), and h^ j (resp. hf, j,) its residue at this point. We have m^j = rriij 
and h^ j = hij. 

Deg'^.7. For each double point z![j — z^,j, G X[nX^, ofV^ is given the integer e'^j = pf^j 
divisible by p. For each irreducible component Xi of T is given the integer Sf < vk (p) which 
is divisible by p — 1, such that with the same notations as above 5f — 5^, — m1jt1^^{p — 1). 
We have e^^- = Cj^j, and 5f = 5j. 

Deg'^.S. The integer '■— {r — m — l){p — l)/2 is the genus of the degeneration data 

In conclusion, the action of the group on the set of isomorphism classes of simple 
degeneration datas is given, and completely determined, through the canonical action of 
Gfc on the data Dcg.4, which is essencially given by the canonical action of on the 
group H^ppf{U-j^)p and which was studied in [Sa]. 

Let X := Spf A be the formal germ of an i?-curve at a smooth closed point x, and let 
X := Spf A where A := A <^ji R. Let L := Fr ^ be the fractions field of A. In 1.2 above we 
associated to a Galois cover / : 3^ — > A" of degree p, above a formal germ of an i?-curve at 
a smooth point a simple non split (resp. split) degeneration data D^. This indeed can 
be interpreted as the existence of a canonical specialisation map: 

Sp : iyet(SpecL,//p) SS-Deg^ 

resp. 

Sp : i/et(SpecL,/Xp) SNS-Deg^ 

Reciproqually, we have the following result of realisation for degeneration datas for 
such covers: 

1.2.4. Theorem. Let k' he a finite extention of k. Let Deg(a;) he a k'-simple non 
split (resp. split) degeneration data of type (r, {Gk,m,h)) and rank p. Then there exists, 
after eventually a finite ramified extension of R, a non-uniquely determined Galois cover 
f : y ^ X of degree p, where X is a formal germ of an R-curve at a smooth point x, 
and such that the degeneration data associated to f via 1.2. is isomorphic to Deg(a;). 
In other words the above specialisation maps Sp : H^^{SpecL, fXp) — > SS-Deg^ and Sp : 
iyg^.(SpecL,//p) SNS-Degp are surjective. 

Proof. One uses the formal patching results as explained in [Sa-1], plus the examples 
given in [Sa-1] 3.1.3, 3.1.4 and 3.2.4. We may also assume that k = k'. First, for each 
i e /"^^P (resp. i e PP), let Ui be a formal afiine scheme with special fibre Ui := Uk,i. The 
given torsor /j : — > is admissible (cf. [Sa], IV), hence can be lifted, after eventually a 
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ramified extension of R, to a torsor -.Vi^Ui under a finite and fiat i?-group scheme of 
rankp, which is either fXp or Hr^u for < n < where n := {vK{p) — 5i)/{p — l). Such 

a hfting is non-unique in the radicial case (cf. loc. cit). Moreover, for each marked point 
Xi^j (resp. double point Zij) one can find a Galois cover fi^j : —>■ Xij of degree p where 
Xij is a formal germ of a smooth point Xij, and X is smooth (resp. fij : — > Zij 
of degree p, where Zij is a formal germ of a double point Zij = Zi'ji of thikeness e^j-, 
and yi^j is semi-stable) and with reduction type {Gi^k^rnij, hij) (resp. {{Gk,i,mijjhij), 
{Gk.i',^i',j,hiij)) on the boundaries) (cf. [Sa-1] 3.1.3, 3.1.4, 3.2.6). Also one can find a 
Galois cover fx'yx^ of degree p, above a formal germ of a double point x, and with 
reduction type {Gk,m, h) and (G^q, — m, —h) on the boundaries of the formal fibre at x, 
as well as a Galois cover '■ y'x ^ "^x above a formal closed disc :— Spf < T >, 
with degeneration data {Gk, m, h) on the boundary of the formal fibre at the closed point 
T = (cf. [Sa-1] 2.3.1). Now using the formal patching result as in [Sa-1] I, as well as 
the result 3.1 in [Sa] , and after carefully adjusting the Galois action on the fij and the 

in order to obtain Galois patching datas, one can patch the covers fij, fx and 
along the points Xij , Zij and x, in order to obtain a Galois cover f : y ^ X of degree p, 
where ^ is a formal proper semi-stable i?-curve, whose special fibre consists of the tree F 
plus a projective line linked to F via the double point x. A G-equivariant contraction of 
the vertices {Xi)i of the tree F in X^, will yield to a Galois cover f : y' ^ X' of degree p, 
where X' is a formal proper and smooth projective line, with a marked point x on Xl^. A 
formal localisation now at the point x will give the desired cover f yx ^ X^ := Spf Ox',x, 
and by construction the simple degeneration data associated to / via 1.2 is isomorphic to 
Dx. 

1.2.5. Example. This in particular is the realisation given by the above theorem 
1.2.4 of the degeneration datas which arises in the example 1.2.1. Consider the non split 
simple degeneration data of rank p which consists of a tree with one vertex and no edges. 
Hence a projective line Xi with one A;-marked point x = xi, and a given etale torsor 
/i : Vi — > Ui := Xi — {xi} with conductor m' — m+ 1 at the point xi where m/ > m are 
positif integers. Then by 1.2.4 one can construct (after eventually a finite extension of R) 
a Galois cover f : y X of degree p above a formal germ X ai a, smooth point x, such 
that the singularity of y at the closed point y is unibranche and the geometric genus of the 
point y equals {m' — ■m){p — l)/2, moreover the semi-stable reduction of y consists of one 
irreducible component Yi of genus {m' — m){p — l)/2, which is the projective completion 
of the above affine curve Vi, and which is linked to the point j/ by a double point. 

1.2.6. Now we will study the action of Gk on Galois covers of degree p above formal germs 
of smooth curve at closed points. This action as we will see extends in a functorial way to 
an action of Gk on the corresponding semi-stable models. More precisely, let A" := Spf A 
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be the formal germ of an i?-curve at a smooth closed point x, and let X := Spf^ where 
A := Ai^irR- Let L := Fr^ be the fractions field of A. Then the Galois group Gk acts in a 
natural way on cyclic extentions of degree p of L, and we have a canonical homomorphism: 

(1) Gk AutHl^{SpecL,iip) 

The above action (1) is equivalent to the action of Gk on normal Galois covers of 
degree p above X. More precisely to each such a cover f : y X with y local and 
normal, which corresponds to the extension of functions fields: SpecL' SpecL, and an 
element cr G Gk, one associates the Galois cover : X oi degree p, with local 

and normal, which corresponds to the extension of functions fields: SpecL'*^ SpecL. 
This action of Gk on covers extends to an action of Gk on corresponding minimal semi- 
stable models (because of the minimality condition). Hier by a minimal semi-stable model 
we mean either a split or a non split one. More precisely, lei f -.y ^y (resp. f : y' ^ y^) 
be a minimal semi-stable model of y (resp. of y^), then the element a e Gk rnaps the 
semi-stable model / to the semi-stable model /', in the sens that we have a commutative 
diagram: 

y y — ^ X 

a 

- — > — — > X 

where the horizontal arrows are A'-automorphisms. We first show how the above 
action of Gk induces an action of Gk on simple degeneration datas via its canonical 
quotient Gj-- Our main result then is that this action coincides with the canonical action 
of Gk on degeneration datas as defined in 1.2.2, and that the specialisation maps Sp : 
iyg^.(SpecL,/Xp) — > SS-Degp and Sp : Hl^{^^ecL^ jip) — > SNS-Degp are G^-equi variant. 

First we may assume that the Galois cover f : y ^ X' := X xr R' , as well as its 
Galois conjugate via a, are defined over a finite extension R' of R. Let tt' be a uniformiser 
of R', and let A' := A ^r R'. Let p {n') be the ideal of A' generated by tt', and let A'^ 
be the completion of the localisation of A' at p. Let X^^ := Spf A'^ be the boundary of X', 
and let X^ — > X' be the canonical morphism. Consider the following cartesian diagram: 

y ^ ) X' 

x;^ 



a 

y 



12 



Then frj-yrj^ is a torsor under a commutative finite and flat i?'-group scheme 
Gri of rank p. Let (G/-/ , m, h) be the degeneration type of where k' is the residue field 
of R' . We have also the following cartesian diagram: 

y ) X' 

y — ^ X' 

Moreover the torsor is the Galois conjugate of the torsor by a as one sees easily. 
In particular both of these torsors have the same reduction type. 

The Galois group G ~ 'L/pL of the cover / (resp. f^) acts in a canonical way on 
y (resp. y' := y^). Let X := y/G which also equals y'/G. We have a commutative 
diagram: 

y > X 

i"^ > X 

Where the horizontal arrows are Galois covers with group G, and a is an 
A'-automorphism. Let Deg(a:i) (resp. Deg(a;2)) be the simple degeneration data associated 
to the cover / (resp. f^). Let a be the image of a in Gk via the canonical surjective 
homomorphism Gk Gk- We will prove that Deg{x2) is the transform Deg(a:;i)^ of 
Deg(a;, 1) by a, via the canonical action of Gk on degeneration datas as explained in [Sa], 
I. The only think we have to check to prove this is that this is true when considering the 
degenertaion data Deg.4. Let Xi be an irreducible component of Xk' :— X Xji k' . Let Di 
be the set of double points of Xk' supported by Xi, and let Si be the set of smooth points 
of Xi in which specialise some branched points of /. Let Ui := Xi — {Si U Di}, and let Ui 
be a formal open subset of X with special fibre Ui. Let fi :Vi ^ Ui (resp. f[ : V'i — > Ui) be 
the torsor above Ui induced by / (resp. by f^). Then is the transform by a of the 
torsor /j, via the canonical action of Gk on these torsors. Let fi^k' '• ^i,k' Ui^k' (resp. 
fi,k' • ~^ ^i,k') be the special fibre of the torsor fi (resp. := /f ). Let a be the 
image of a in Gk via the canonical homomorphism Gk — Gk- Then /|^, is nothing else 
but the transform fi^k'^ of fi^k' via a (cf. [Sa], I). So indeed we have proven the following: 

1.2.7. Theorem. Let Gk acts on the sets SS-Deg^ (resp- SNS-Deg^J of isomor- 
phism classes of simple split (resp. simple non split) degeneration data of rank p, via 
its canonical quotient Gk, and through the natural action of Gk on these sets as defined 
in 1.2.3. Then the surjective specialisation maps Sp : Hl^^{Spec L, fj,p) — > SS-Deg^ and 
Sp : Hl^^{SpecL, lip) — > SNS-Deg^ are G K-equivariant. 
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1.2.8. Remark. It is easy to construct examples of covers / : 3^ — > A' as in [Sa-1] 3.1.4, 
where the special fibre is singular and unibranche at the closed point y of y, and such 
that the configuration of the special fibre of a semi-stable model 3^ of J' is not a tree-like. 
This indeed answers a question raised by Lorenzini whether such a situation can occur in 
the inequal characteristic case. More precisely, consider the non split simple degeneration 
data Deg(x) of type (2, {pp, —1, 0)) which consists of a graph F with two vertices Xi and 
X2 linked by a unique edge y, with given fc-marked points x = Xi on Xi and fc-marked 
point X2 on X2, and given etale torsors of rank p : fi Vi ^ Ui := Xi — {xi} with 
conductor mi = 1 ai x = Xi and /2 : V2 ^ U2 := X2 — {X2} with conductor m2 = 1 at 
X2- Then it follows from 1.2.4 that there exists, after eventually a finite extension of R, a 
Galois cover f : y ^ X oi degree p above the formal germ X ~ Spf at the smooth 

i?-point X, such that the A;-simple non split degeneration data associated to the above 
cover / is the above given one. Moreover by construction the singularity of the closed 
point y of is unibranche, and the configuration of the (non-split) semi-stable reduction 
of y consists of two projective lines which meet at p-double points (the above cover will 
be etale in reduction above the double point y), in particular one has p — 1 cycles in this 
configuration. 

y -X 




1.3. We use the same notations as in 1.1. We consider now the case where x is an ordinary- 
double point. Let / : 3^ — > A" be a Galois cover of degree p, where X is the formal germ of 
an i?-curve at an ordinary double point a;. In a similar way as in 1.2, and using the results 
of [Sa] and [Sa-1], one can associate a double degeneration data to / whose definition we 
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summarise in the following: 

1.3.1. Definition. Let k' be an algebraic extension of k. A fc'-double non split 
(resp. split) degeneration data Deg(a;) of type (r, (Gfc',i,TOi, /ii), (Gfc',2,TO2, h2)) and 
rank p consists of the following: 

Deg.l. For i e {I52}, Gfc'ji is a finite and flat /c'-group scheme of rank r > is an 
integer, mi is an integer prime to p such that r — mi — m2 > 0, and hi e Fp equals unless 
Gk',i = fJ-p and = 0. 

Deg.2. r := Xfe/ is an oriented tree of projective lines with vertices Vert(r) := (Xj)jg/ 
(resp. Vert(r) := {Xi)i^jsp), and T = Li-^fXi, where / C /, is a geodesic in T linking two 
given vertices Xi^ and Xi^, with a given marked smooth A;'-rational point xi e Xi^ (resp. 
X2 e -^12)- We denote by {zij}j£Di the set of double points, or edges, of T which are 
supported by Xi. 

Deg.3. For each vertex Xi of F is given a set, may be empty, of smooth marked A;'-rational 
points {x^^J}JeSi■ 

Deg.4. For each i E I (resp. i G P"^), is given a torsor fi^k' '■ Vi.k' Ui^k' '■ = 
Xi^k' — {{^i,j}jeSi U {zi,j}jeDi} under a commutative finite and flat fc'-group scheme 
Gk',i of rank p, where Xi^k' '■= Xi xspecfe Spec A;', with Vi^k' smooth. Let Uk' be the 
open subscheme of Xk' obtained by deleting the double and marked points of X^/. Then 
the above data determines an element of Hj^^^{Uk')p- Moreover if Gk' ,i is radicial, and if 
u)i is the associated differential form, then the set of zeros and poles of Wi is necessarily 
contained in {xi^j}j^Si U {zi^j}j^Di-, as Vi^k' is smooth. Also if z e P^, and Si is non empty, 
we assume that Gi^k' = /^p- 

Deg.5. For each i G / (resp. i G Z^^), are given for each j G 5"^ integers {fnij, hij), where 
nii^j is the conductor of the torsor fi at the point Xij, and hij its residue at this point. 
Let Tjj := rriij + 1. If i G then rjj = 1. 

Deg.6. For each double point Zij = Zi'j' G Xi H Xi' is given the pair (niijjhij) (resp. 
(mi'j', hi' J')), where rriij (resp. rrii'j') is the conductor of the torsor fi^k' (resp. fi'^k') at 
the point Zij (resp. Zi'j/), and hij (resp. hi'j') its residue at this point. These datas must 
satisfy m^j + rrii'j' = 0, and hij + hi'j' = 0. In other words the element of H^^^^{Uk')p 
determined by the data Deg.4 must belong to the subgroup -f^fppf (t^fc)p"™- particular 
for the double point Xi-^j-^ := Xi (resp. Xi^j^ := X2) is given the data {rrii^^j^, ^iiji) (resp. 
("^j2j2' ^12,^2)5 such that nii^^j-^ + mi = (resp. nii^j^ + m2 = 0), and hi^^j^ + hi — 
(resp. + /i2 = 0). 

Deg.7. For each irreducible component Xi of F is given an integer 5i < vk{p) which 
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is divisible by p — 1. For each double point Zij = Zi'^j' e fl Xj/ of F is given an 
integer = ptij divisible by p, such that with the same notations as above we have 
5i - 5i' = mijtij(p - 1). 

Deg.8. Let /et denote the subset of / (resp. of /^p) consisting of those i for which Gk',i is 

etale,then: (r-m-l)(p-l)/2 = E^e/,,(-2+EieS,("^^.+l)+E,ei^,("^^.+l))b-l)/2- 
The integer := (r — mi — m2)(]3 — l)/2 is called the genus of the degeneration data 
Deg(a;). 

There is a natural notion of isomorphism of double split (resp. non split) degeneration 
datas of a given type over a given algebraic extension of k. We will denote by DS-Degp 
(resp. DNS-Degp) the set of isomorphism classes of /c-double split (resp. /c-double non 
split) degeneration data of rank p. Also as in 1.2.3 one shows that there exists a canonical 
action of Gk on these sets, via the canonical action of Gk on the degeneration data Deg.4, 
and these sets are G^-sets, hence also canonically Gx-sets. The following theorem is proven 
in the same way as in 1.2.4 and 1.2.6. 

1.3.2. Theorem. Let X •= Spf A be the formal germ of an R-curve at an ordinary 
double point. Let A := A (E)r R, and let L := Fr(A). Tlien the canonical specialisa- 
tion maps: Sp : H^^{Spec L, fip) — > DS-Deg^ and Sp : H^^{Spec L , Hp) — > DNS-Deg^ are 
surjective and GK-equivariant. 

1.3.3. remark. The surjectivity result in 1.2.4 and 1.2.7 was shown in [He] in the case 
of degeneration datas of genus in the framework of automorphisms of order p of open 
discs and annuli. Our method based on the techniques developed in [Sa] and [Sa-1] avoid 
the use of this language and uses only kummer theory. 

II. Semi-stable reduction of Galois covers of degree p obove proper 
curves. 

2.0. In this section we will use the same notations as in 1.0. We will consider a proper 
and semi-stable i?-curve X, a Galois cover / : y — > X with group Z/pZ, and with Y 
normal. We will study the semi-stable reduction of Y as well as the Galois action on these 
datas. 

2.1. Let X be a proper and semi-stable i?-curve, with smooth and connected generic fibre 
Xk := X XrK. We assume that the double points of Xk are A;-rationals. Let / : y — > X 
be a Galois cover with group G ~ Z/pZ, and with Y normal. It follows from the theorem 
of semi-stable reduction for curves (cf. [De-Mu]) that, after eventually a finite extension R' 
of R, with fractions field K' and residue field k', the curve Y has a semi-stable reduction. 
More precisely, there exists a birational and proper morphism / : Y ^ Y' := Y R' 
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such that Yk' — Y^, , and the following conditions hold: 

(i) The special fibre Y^i of Y is reduced. 

(ii) Yfc' has only ordinary double points as singularities. 

Moreover there exists such a semi-stable model Y which is minimal. In particular the 
action of G on Y' extends to an action on Y . Let X be the quotient of F by G which is 
a semi-stable model of X' := X Xn R' . In the following we will choose Y and X as above 
such that the set of points Bk '■= {xi,K}i=i consisting of the branch locus of the morphism 
fx '■ Yk Xk are rational. Moreover we choose such X and Y which are minimal for 
these properties. One has the following commutative diagram: 

Y X 

f 

Y' X' 

Let (Xj)jg/ be the irreducible components of the special fibre X'^,, of X' . For each 
i E I, let {xij)j^Si be the set (may be empty) of those smooth points of Xi in which 
specialise some points of Bk, say in Xij specialise Vij points of Bk, and let {zt)teJ be the 
set of double points of X^- For each t & J, let rt be the number of points of Bk which 
specialise in zt, we have r = ^f^jrt + ^i^j SjeSj ^'^^ U := X' — {D U S}, where 
S := Ui^j{xij}j^Si and D = {zfjteJ- We will denote by {Ui}i^i the set of irreducible 
components of U. 

2.2. Below we will use the notations of 2.0 and 2.1 and will exhibit the degeneration datas 
associated to the semi-stable reduction of Y. Let R' be a finite extension of R such that 
the conditions of 2.1 hold. The following datas are canonically associated to the Galois 
cover f -.Y ^ X: 

Deg.l. For each irreducible component X^ of X^,, let r]i be the generic point of Xj, and 
let X'^. be the spectrum of the completion of the localisation of X' at rji. We have a 
canonical morphism : X^. — > X'. Consider the following cartesian diagram: 



Y' X' 

Then either : Y^j- X'^^ is completely split, or is a torsor under a finite and fiat 
commutative i?'-group scheme Gi of rank p. 

Deg.2. For each irreducible component Xj of X^, let Ui := Xj — {{xij}j^Si U {zt}teJi}i 
where Jj C J denotes the index subset indexing those double points of X^, which are 
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supported by Xi. Then Vi := f~^{Ui) — > Ui is an admissible torsor under the finite 
and flat group scheme Gk',i := Gi X/j/ k'. Moreover, if Gk',i is etale then Vi is smooth, 
and if is radicial then the only singularities of Vi lie above the zeros {yi}i£Zi of the 
differential form oji associated to the above torsor (cf. [Sa], I). 

Deg.3. For each double point zj G Xj U Xj/, let Xj be the completion of the localisation 
of X' at Zj, and let Xj — > X' be the canonical morphism. Consider the cartesian diagram: 

yj — ^ 

Y' — ^ X' 

Then either the cover fj : yj Xj is split, or it is a Galois cover of degree p with 
connected, in which case is associated to fj a double degeneration data Deg(zj). Let 
rrij^i and hj^i (resp. mj,2 and hj^2) be the conductor and the residue at the double point 
Zj associated to the torsor Vi := f~^{Ui) Ui (resp. Vi' := f~^{Ui') — > Ui'). Then the 
above degeneration data Deg(zi) is of type {rj, {Gk',i,mj^i,hj^i), {Gk',i' ,mj^2, hj^2)), and 
genus {rj - mj,i - mj^2){p - l)/2. 

Deg.4. For each irreducible component Xi of X^,, and a smooth point Xij, j e Si, let 
Xij be the completion of the localisation of X' at Xij, and let Xij X' be the canonical 
morphism. Consider the cartesian diagram: 

yi,j '■ ^ij 
Y' X' 

The cover fij : y^j — > Xij is necessarily a Galois cover of degree p with yij connected, 
and to fij is associated a simple degeneration data Deg{xij). Let rriij and hij be the 
conductor and the residue at the smooth point Xij associated to the torsor Vi := f~^{Ui) —>■ 
Ui- Then the above degeneration data Deg(a;^j) is of type {rij,{Gk',i,mij,hij)), and 
genus (rjj - rriij -l){p- l)/2. 

Deg.5. For each i e I such that the group scheme Gk',i is radicial, let {yijieZi be the 
zeros of the differential form oji associated to the above torsor Vi := f~^{Ui) — > Ui, and 
which we may assume to be rational over k'. For each I e Zi, let Zi be the completion 
of the localisation of X' at yi, and let Zi — > X' be the canonical morphism. Consider the 
cartesian diagram: 
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Y' X' 

The cover Z[ ^ is a Galois cover of degree p with Z[ connected, and to /; is associated 
a simple degeneration data Deg(yz). Let mi and hi be the conductor and the residue at the 
smooth point yi associated to the torsor Vi := f~^{Ui) Ui. Then the above degeneration 
data Beg{yi) is of type (0, {Gk',i,'mi, hi)), and genus {-mi - l){p - l)/2. 

The above considerations lead to the following definition of degeneration datas asso- 
ciated to a Galois cover of degree p above a proper and semi-stable i?-curve. 

2.2.1. Definition. Let be a proper and semi-stable A;-curve, and let {Xjji^/ be 
the irreducible components of X^. We assume that the double points {zt}t£j of X^ are 
A;-rational. Let k' be an algebraic extension k. A A;'-degeneration data of rank p 
associated to X^, consists of the following datas: 

Deg.l. For each irreducible component Xi of Xk is given a set of smooth /c'-rational 
points {xij}j(^Si of -^k which are supported by Xi. 

Deg.2. For each irreducible component Xi of Xk, let Ui := Xi — {{xij}jeSi U {^t}teJi}j 
where Ji G J denotes the index subset indexing those double points of X^ which are 
supported by Xi. Then we assume given an admissible torsor fi :Vi ^ U[ := Ui k' (cf. 
[Sa], 4, for the definition of admissibility) under a finite and fiat /c'-group scheme Gk',i, 
and we allow the torsor fi to be trivial. If Gk',i is radicial then we assume that the zeros 
{yi}ieZi of the differential form Ui associated to the above torsor fi are /c'-rational. 

Deg.3. For each double point Zj e fl Xi' of Xk, let mj^i and hj^i (resp. mj^2 and 
hj,2) be the conductor and the residue at the double point zj associated to the torsor 
Vi := f~^{Ui) — > Ui (resp. Vi' := f~^{Ui') Ui'). Let rj be an integer such that 
Tj —mj^i —mj^2 ^ 0. Then we assume given a /c'-double degeneration data Deg{zj) of type 
{rj, {Gk',i, mj,i, hj^i), {Gk',i',mj,2, /ij,2)), and genus {rj - mj^i - TOj,2)(p " l)/2- 

Deg.4. For each irreducible component Xi of Xk', and a smooth point Xij, j e Si, let 
mij and hij be the conductor and the residue at the smooth point Xij associated to the 
torsor Vi := f~^{Ui) — > Ui. Let rij be an integer such that r^j — mij — 1 > 0. Then we 
assume given a fc'-simple degeneration data Deg{xij) of type {vij, {Gk',i,mij,hij)), and 
genus {nj - mi J -l)ip- l)/2. 

Deg.5. For each i e I such that the group scheme Gk',i is radicial, let {yi}i£Zi be the zeros 
of the differential form uji associated to the above torsor Vi := f~^{Ui) — > Ui, and which 
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we may assume to be rational over k'. For each I & Zi, let mi and hi be the conductor 
and the residue at the smooth point yi associated to the torsor Vi := f~^{Ui) — > t/j. 
Then we assume given a degeneration data Deg(yi) of type (0, {Gk',i,mi,hi)), and genus 
{-mi-l){p-l)/2. 

2.2.2. Remark. The admissibility condition on the torsors {ftjiei which is part of the 
above definition of degeneration datas is satisfied when the Ui are opens of the projective 
line, e.g. if Xk is a totally degenerate Mumford curve, and in the case where Ui is proper. 

2.2.3. Example. In this example we consider a semi-stable and proper J?-curve X 
with smooth and geometrically connected generic fibre Xx, and whose special fibre X^ 
consists of two irreducible smooth components Xi of genus gi >2 and X2 of genus (^2 > 2 
which intersect at the double point x. We suppose moreover that both Xi and X2 are 
generic (for this one has to choose R to be rather large). 




Consider a Galois cover / : y — > X of degree p with Y normal and such that the 
Galois cover fx Yk — > X^: induced by / above the generic fibre is a /i^-torsor (hence in 
particular is etale). We assume that the special fibre Yfc :=Y^^koiYis reduced. For 
i e {1, 2}, let fi'.Vi ^ Ui := Xi — {x} be the torsor above Ui induced by the cover /, and 
let rrii be the conductor of fi at the point x. Then only the following two cases can ossur: 

Case 1) Either fi is an etale torsor in which case either fi ramify above x or fi extends 
to an etale torsor above Xi. In both cases Vi is smooth. 

Case 2) Or fi is a torsor under fip in which case is associated to fi canonically a 
logarithmic differential form uJi, and the singularities of Vi lie above the zeros of Ui. In 
this case where Xi is generic it was shown in [Ra] (proposition 4) that such a differential 
form oji has gi — 1 double zeros if p = 2 and 2gi — 2 simple zeros if p 7^ 2. In the later case 
rrii = —2 OT rrii = —1 depending on whether a; is a zero of coi or not. 

In what follows we assume for simplicity that p ^ 2. Supppose we are in case 2, and 
let i/j be a point of Vi above a zero zj of uji which is different from the point x. Then Vi 
is singular at j/j, the singularity at yj is unibranche, and the geometric genus of yj equals 
{p— l)/2. Let Deg(2;j) be the non split ^-degeneration data associated to Zj via the semi- 
stable reduction of Y. Then Deg(2;-,) is necessarily of type (0, (//p, —2, 0)), and consists of 
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one projective line Pj with a marked A;-point Xi = x and an etale torsor Ti ^ — {xi\ 
with conductor 2 at the point Xi. 

Above the double point x three situations can occur: 

Case a) Both /i and /2 are etale in which case / is necessarily etale above x. 




Apart from case a) Y must be local above, we will denote by y the unique point of Y 
above x. 

Case b) Say /i is etale and /2 is radicial, and assume for simplicity that Y has two 
branches at the point y. In this case the geometric genus of y equals (mi + 2)(p — l)/2 if 
UJ2 has a zero at or (mi + l)(p — l)/2 otherwise. 

Case c) Both /i and /2 are radicial in which case the geometric genus of y equals 
2(p— 1), 3(p— l)/2 oi p — 1 depending on whether both fi have a zero at the point x, or 
just one of them do, or none of them. 

Let Deg(a;) be the double non split /c-degeneration data associated to x via the semi- 
stable reduction of Y . assume for example that we are in case c) and that the genus of y 
equals p — 1. Then the following two cases can occur: 

First case: either Deg(a:) consists of one projective line P with two marked /c-points 
Xi = X and X2 = x, and an etale torsor T ^ P — {xi, X2} with conductor 2 at each of xi 
and X2- In this case the special fibre of the semi-stable reduction of y is a tree like which 
consist of the components Vi and V2 which are linked by the projective completion of V 
(which has genus p—1) at the points above x, and at each of the points of Vi above a zero 
of (jJi is linked a curve of genus (p — l)/2. 

Second case: Deg(a;) consists of two projective line Pi and P2 with a marked /c-points 
xi = X and X2 = x on each one, and an etale torsor Ti ^ Pi — {xi} with conductor 2 at 
Xi. In this case the special fibre of the semi-stable reduction of Y contains (p — 1) cycles 
and it consists of the components Vi and V2 which are linked by the projective completion 
of Ti and T2 (each has genus {p — l)/2) at the points above x, moreover both Ti and T2 
meet at p double points, and at each of the points of Vi above a zero of uji is linked a curve 
of genus {p— l)/2 as in the preceeding case. 
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2.3. There is a natural notion of isomorphism of degeneration data of rank p associated to 
a proper and semi-stable A;-curve Xk, over a given algebraic extension of k. We will denote 
by Degp(Xfc) the set of isomorphism classes of A;-degeneration datas of rank p associated 
to Xf-. The set Degp{Xk) is equipped in a natural way with a Gfc-action, via the natural 
action of Gk on the above datas which was explained in [Sa] and I, and hence is a Gk- 
set. The following result is analogous to the result of realisation for degeneration datas 
obtained in paragraph I in the local situation. 

2.3.1. Theorem. Let X^ be a proper and semi-stable k-curve. Let R be a complete 
discrete valuation ring of incc^ual characteristics with residue field k, and fractions field 
K. Suppose given a k-dcgencration data deg{Xk) of rank p associated to Xk (in other 
words suppose given an element ofDegp{Xk) )■ Then there exists, after eventually a finite 
extension of R, a proper and semi-stable R-curve X with smooth generic fibre and a special 
fibre isomorphic to Xk, and a Galois cover f : Y ^ X, such that the degeneration data 
associated to f as in 2.2 is isomorphic to the given data deg{Xk). The above cover f is 
not unique in general, moreover it can be constructed such that the cover fx '■ Yk Xk 
induced by f on the generic fibres is ramiGed above r = X^tej'^t + X^ie/ ^jeSj ^^-J 
metric points of Xk (hier rt and Vij are the one given in the definition of the degeneration 
data in 2.2.1). 



22 



The next result expreses the compatibihty of degeneration with the Galois action. 



2.3.2. Theorem. Let R be a complete discrete valuation ring of inequal characteristics 
with residue Geld k, and fractions field K, and let X be a proper and semi-stable R-curve 
with smooth and geometrically connected generic fibre Xk and with special fibre Xk- Let 
K be an algebraic closure of K, and let L be the function field of the geometric generic 
fibre X^ := X x K of X . Then the canonical specialisation map Sp : H^^{Spec L, fip) 
Degp{Xk) is GK-equivariant, where hier we consider the natural action of Gk on Degp(Xfc) 
via its canonical quotient Gk- 

Note that the above specialisation map can not be surjective in this case since the 
set T>egp{Xk) with fixed ramification datas on the "generic fibre" is infinite in general. 
The proof of the above two results is very similar to the one obtained in paragraph I in 
the local case and are left to the reader. They are based on formal patching techniques 
and the results in [Sa] and [Sa-1]. However in order to prove 2.3.1 one will also need 
the following result on lifting of admissible torsors with given degeneration datas at the 
"critical points". More precisely let R be as in 1.0. Let X be a formal smooth i?-curve, 
whose special fibre X^ is irreducible. Let fk'-Yk^ be an admissible torsor, under 
a finite and flat /c-group scheme Gk of rank p, which is radicial. Let u be the associated 
differential form, and let Z :— {xj}jQj be the set of zeros of uj which are contained in Xk, 
which we call the critical points of fk-, in particular the singularities of Yk lie above the 
points of Z. Assume that / : y ^ X is a torsor under a finite and flat i?-group scheme 
G which lifts fk- To each point Xj E Z is associated via /, a simple degeneration data 
Deg{xj) of type (0, (Gk, mj,hj)), where rrij is the conductor of fk at Xj, and hj its residue 
at this point. The following result shows that we can choose such a lifting / of fk which 
gives rise to a given set of degeneration datas at the critical points. 

2.3.3. Proposition / Definition. Let fk - Yk ^ Xk be an admissible torsor under 
a finite and flat k-group scheme Gk of rank p, which is radicial, and let Z := {xjjjgj be 
the set of critical point of fk which we assume to be k-rational. For each point xj G Z 
consider the pair {mj,hj), where mj is the conductor of fk at Xj, and hj its residu at 
this point. Suppose given for each critical point Xj, a simple degeneration data Deg{xj) of 
type (0, {Gk, rrij, hj)). Then there exists, after eventually a finite extension of R, a smooth 
formal R-curve X with a special fibre Xk := X Xji k which is isomorphic to Xk, and a 
torsor f : Y ^ X under a finite and Rat R-group scheme G of rank p, such that the 
restriction of f to Uk := Xk — Z is isomorphic to the restriction of fk to Uk, and such 
that the simple degeneration data assosiated to each point xj e Z, via f , is isomorphic to 
Deg(a;j). We call such a torsor f a lifting of fk, with the given degenaration datas 
{Deg{xj)}j^z cit the critical points {xj}j^z- 
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Proof. The torsor fk'-Yk^ is admissible hence by definition can be hfted, after 
eventually a ramified extension of R, to a torsor f -.Y' ^ X under a finite and flat i?-group 
scheme of rank p, which is either Hp or Hn for < n < vk (A) where vk is the normalised 
valuation of the fractions field of R (such a lifting is not unique). Also for each point 
Xj e Z one can find a Galois cover fj : yj — > Xj of degree p, where Xj is the formal germ 
of X at Xj, and such that the degeneration data associated to Xj via fj is isomorphic to 
Deg(xj) (cf. 1.2.3). Let Uk := X^ — Z, and let gk be the restriction of fk to Uk- Then / 
induces a lifting g : V ^ U of gk, which is a torsor under a finite and flat i?-group scheme 
of rank p, and where U is obtained from X by deleting the formal flbres at the points 
{xj}j^z- Now a patching of the covers g and fj along the formal flbres at the points {xj}j 
will produce the desired torsor f -.Y ^ X. 

2.3.4. Example. Hier we use the same notations as in the example 2.2.3. First we 
will explain the Galois action on a /Up-torsor f-^ : Y-^ X-^ above the geometric generic 
flbre Xj^ of X. We assume that the above torsor induces in reduction the situation in 
case c) where gy = p — 1 and where the semi-stable reduction of Yj^ is a tree like. Let 
a G Gk, and let a be the image of a in Gk- Consider the |Up-torsor f-^'^ : Y^" Xj^ 
which is the conjugate of fj^ via a. Then using the result in 2.3.2 one can describe the 
semi-stable reduction of Yj^"^. More precisely the graph of the semi-stable reduction of 
Y-^'^ is isomorphic to the one of 1^, in particular it is also a tree like, and it consists of the 
components Vf, for i = 1,2, where is the conjugate of Vi via a, which are linked by 
an irreducible curve of genus p — 1 which is the conjugate of T by a. Moreover at each 
point of Vi'^ above a zero of u>i is linked a curve of genus (p — l)/2 which is the conjugate 
by a of the curve that is linked to the corresponding point (via the action of a) of Vi in 
the graph of semi-stable reduction of Y-^. 

Also one can establish the converse of the situation in 2.2.3, i.e. reconstruct a Hp- 
torsor fx as above from the degeneration datas, using 2.3.1. More precisely, let Xk be the 
semi-stable curve considered in 2.2.3 and consider the non split degeneration data Deg(Xfc) 
of rank p which consists in the following: 

For i = 1,2 is given a //p-torsor Yi Xi associated to the logarithmic differential 
form uJi, and assume that the zeros {zj^i}j of Ui lie outside the point x. For each i,j 
suppose given a non split simple degeneration data Deg{zj^i) of type (0, (//p, —2,0)) and 
which consists of one projective line Pj^i with one /c-marked point Zj^i and an etale torsor 
above Pj i — {zj^i} with conductor 2 at the point Zj^i. At the double point x is given a non 
split double degeneration data of type (0, (/Xp, —2, 0), (/Xp, —2, 0)) and which consists of one 
projective line P and two A;-marked points xi = x and X2 = x and an etale torsor above 
P — {xi,X2} with conductor 2 at both points xi and X2- Then by 2.3.1 one can flnd a 
proper and semi-stable curve X with smooth generic flbre and a special flbre Xk :— X x Rk 
isomorphic to Xk, and (eventually after a flnite extension of R) a Galois cover f : Y ^ X 
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of degree p, such that the degeneration data of rank p associated to via the semi-stable 
reduction of Y is isomorphic to the above given data Deg(Xfc). 
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